Cosmological constant is probably adjustable in brane worlds 
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In the brane world scenario, possessing the self-tuning property of the cosmological constant, we 
study the probability amplitude for an initial state of the Universe to transform to final states with 
some curvatures. In the Kim, Kyae and Lee model, there exists a finite range of parameters such 
that the transition amplitude to a near flat universe is exponentially dominated by the smallness of 
curvature, > e P° sitivc number/ a 2 ^ j g j g d ominatec i b y an a i most flat universe of | Aj < e. 
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I. MOTIVATION AND STRATEGY 

There are three cases where the cosmological con- 
stant (CC) appears explicitly in the evolution of the Uni- 
verse. The most well-known problem is the fine-tuning 
problem of the present CC Q. The second case is a huge 
CC, Ainfl, needed in inflationary models 0. A m fl here is 
somewhat below the Planck scale Aj n fl < (10 _6 Mp) 2 , or 
Vvac < (10~ 3 Mp) 4 in terms of the vacuum energy. The 
third CC problem is to understand why the current vac- 
uum energy, observed in 1998, is so tiny at the order of 
(2 x lCT 3 eV) 4 HI. Among these, the most difficult CC 
problem is the first one, the fine-tuning problem of V vac 
compared to the energy scale in consideration. 

In quantum theory, paths of a field configuration are 
integrated over to obtain the transition amplitude from 
an initial state to a final state. At present, there does 
not exists a well defined field theory of quantum grav- 
ity. Nevertheless, (in the hope of finding a hint) one may 
guess that from the path integral approach some grav- 
ity effects can be attainable, in particular for obtaining 
the classical terms. This may be justified for situations 
where the relevant scale of physics is far below the re- 
duced Planck mass M P = 2.44 x 10 18 GeV. For the vac- 
uum transition amplitude, it has been argued that this 
truncation to classical terms might be useful Q. With 
this philosophy, Baum and Hawking used the Euclidian 
action for the probability amplitude from an initial state 
1 7) to a final state |A/) [H, 



(A/| J) 



d[g] 



-lE[g] 



(1) 



where the Euclidian action Ie is calculated with the wave 
function specified by the metric g and the initial state |7) . 

In 4 dimensions(4D), the CC is a fixed parameter and 
we can infer naively that e~ lE ^ diverges for a small A 
as e ( P ositivo constant)/ A j leading to the probability ampli- 
tude dominated by a large positive exponent for A = + 
[H . The detailed reason for (positive constant) / A in the 
exponent in the Euclidian space comes from the Euclid- 
ian action —Ie = J o1 4 xe(^Re — Vq) where Vo is the 
vacuum energy. The Einstein equation relates the curva- 
ture A to the vacuum energy, A = Vq. In the maximally 



symmetric space, the Einstein tensor is simply related 
to the curvature by = Kg^ v ,RE = 4 A and hence 
hR — Vq = A. So, we notice that the contribution to the 
Euclidian space integral from \Re for the de Sitter (dS) 
space case is positive, dominating the negative contribu- 
tion of the particle physics contribution, — Vo- Hawking 
used this fact to state, "Cosmological constant is proba- 
bly zero." 

However, one should notice that this argument of 
choosing A = + is based on the fact that the Euclidian 
space action — Ie is dominated by one negative power of 
A as 1/ A. If it is dominated by two negative powers of A 

2 

as 1/ A , which is not unreasonable in self-tuning models, 
the argument changes completely to the case that A = 
is approached from the Anti-dS(AdS) space side. In fact, 
we will show in this paper that this behavior is happen- 
ingin the self-tuning model of Kim, Kyac and Lec(KKL) 
ft- 

It is well known that in 4D the first CC problem is a 
fine-tuning problem and it docs not have a solution [l[. 
Furthermore, one needs a large vacuum energy for infla- 
tion in the very early universe, exiting to a final state 
with a negligible vacuum energy. To understand the first 
CC problem, therefore, one may go beyond 4D with ex- 
tra space dimensions. For example, with one extra space 
added, i.e. in 5D, the amplitude (A / 17) may not be pro- 
portional to a delta function and then one can literally 
talk about the probability of transition from |7) to |A/). 
This has been a reason for the renewed CC study in 5D 
at the turn of the century [H-Q, under the name of self- 
tuning solutions. In a typical Randall-Sundrum model of 
type II (RS-II) Q3, the 5D bulk CC A 6 must be fine- 
tuned to a certain value of the brane tension Ai. This 
requires a fine-tuning and does not lead to a solution even 
in 5D The only existing self-tuning model in 5D 

is the one presented in Ref. [5(. Here, we do not worry 
about how such a KKL term, starting from a fundamen- 
tal Lagrangian, can be written below the 5D fundamental 
scale scaleQ We try to investigate just the effect of the 
self-tuning property of some theory. 



At the field theory level, one may try to obtain an effective theory 
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FIG. 1. The region |Ai| < a/— 6A;, allows a finite range of 
parameters for the 4D flat space. 



The self-tuning model of Ref. [5[ shows a certain nice 
behavior. The fiat solution is possible for some finite 
range of the brane tension Ai compared to the 5D AdS 
bulk cosmological constant A& [l2| . This situation is de- 
picted in Fig. [TJ If the brane tension Ai is in the red color 
region of Fig. [TJ only the dS space solution is allowed. 
The brane tension Ai is determined by dynamics of the 
observable sector at the brane. So, this can be used as a 
model for inflation at the brane. Then, the inflationary 
phenomenology is described by physics at the brane. 

The exit from the inflationary period always accompa- 
nies a huge change of the vacuum energy. So, after the 
inflation Ai changes drastically to be placed in the green 
region of Fig. [TJwhcrc dS, flat and AdS solutions are pos- 
sible. In this paper, wc will begin physics from a new Ai 
placed in the green region of Fig. [TJ and then estimate 
the transition amplitude to flat, dS and AdS solutions. 
This setup does not have any ambiguity for the initial 
state condition after inflation. We choose it to be the 
eigenstate of the Hamiltonian, |Ai), in the green region. 

So, our strategy to solve all CC problems is using a 
self-tuning solution containing a flat- space- forbidden re- 
gion. At present, we are not sure about that this property 
survives in all self-tuning models. The first CC problem 
is solved just by showing a diverging probability of (UJ 
in the flat-spacc-allowed region, which is our main calcu- 
lation in this paper. The second CC problem is solved 
just by assuming the Universe starting from a flat-space- 
forbidden region in self-tuning models. The third CC 
problem is attributed to a small difference of the poten- 
tial energy in the brane as done in Ref. (l3| , which is not 
repeated in this paper. 



II. EIGENSTATES OF THE UNIVERSE 

In the one-brane world scenario with a Z2 symmetry, 
we assume that there exists the brane tension Ai at the 
y — brane and the bulk (y 7^ 0) cosmological constant 
Ab as in the RS-II model [l0| ■ There exists a Z2 symme- 
try: y — > — y. In addition, we assume that there exist (s) 
additional fields such that self-tuning solutions arc possi- 
ble as done in terms of three index antisymmetric tensor 
gauge field Amnp and its field strength Hmnpq in [E@ ■ 
For a given Ai, it is possible to have multiple solutions. 
For simplicity of discussion, we restrict to the maximally 
symmetric spaces of flat, dS, and AdS solutions. In quan- 
tum mechanics, our initial state vector is, 

\I) = |Ai>. (2) 

The bulk cosmological constant A& is a God-given num- 
ber in the theory and is not a changeable parameter. 
However, Ai is treated as a changeable parameter due to 
physics at the y = brane. A sudden change of Ai at 
the brane is a new state chosen by a filtering process in 
quantum mechanics. We assume that the complete set of 
maximally symmetric states in the bulk of the Universe 
covers flat, dS and AdS states 

Iff a/ TV, bulk fields) = |A, h) (3) 

where h denotes integration constants in the bulk in self- 
tuning models and the 4D curvature A is assumed to be 
independent of y. Consider an initial state |Ai). It is im- 
mediately related to a nearby bulk state which we again 
call I Ai) . Technically, this corresponds to the bound- 
ary conditions of the bulk field values at y = + . This 
properly-connected bulk state corresponds to the brane 
with the tension Ai. This boundary condition does not 
choose the curvature A uniquely, and here we talk about 
the probability amplitude to choose a A. Namely, we are 
interested in the probability amplitude C(A, hi) obtain- 
ing a A universe, starting from the brane tension Ai, 

|Ai) = J [dh] J [dA]C(A,h)\A,h) (4) 

where 

C(A, h) = (A, h\Ai). (5) 

The probability amplitude is the form given in Eq. (pQ), 
and the relevant factor is 

J [d*][dK][dh}C(K,h) oc J [d9][£K\[dh] e- /E[ *' X ' l] (6) 
where is the warp factor introduced in the metric. 

III. SOLUTIONS OF THE SELF-TUNING KKL 
MODEL 



from a fundamental Lagrangian along the line of Wilson and 
Weinberg [Till . At present, we are far from adopting this strategy. 



To show some effect of self-tuning models in the CC 
problem, wc take up the known example Q whose key 
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points arc summarized below. In the 5D Euclidian space 
with one 3-brane at y = 0, the KKL model with the three 
index antisymmetric-tensor gauge field Amnp is given by 

SI: 



-Ie = J d 5 x Ey /g(S) Q%) - 



2-4! 



= Jdy J d 4 x E {-^ 4 A 1 S(y) + ^R^ 2 

+ 4^3^" + 6 ^2/^/N2 + _ ^4 Afc I 

H z J 

(7) 

where the 5-dimensional fundamental scale M is set to 
1, Hmnpq is the field strength of Amnp, ' denotes the 
derivative with respect to y and the metric is given by 



ds% = y 2 {y)g^dx E dx E + dy 2 



(8) 



The solution satisfying the field equation and the Bianchi 
identity has been given in 0, Q for 



c (s) 
n(y) 



-«5l/pcr — U, £ 0123 - — 1 W) 



with n(y) = ft 1 v / g = h 1 ^> 4 (y), where the Greek in- 
dices fi,u,--- run over the 4D space. Then, H 2 given 
by g AM 9 BN 9 CP 9 DQ H ABC dHmnpq becomes H 2 = 
4!*~ 8 ft and hence 1/H 2 = * 8 /(4!/i), where ft is the inte- 
gration constant (with ft > 0) determined by the solution 
of the differential equations with appropriate boundary 
conditions. Two relevant bulk Einstein equations are [6j 
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(10) 



3— 
m 2 k 2 . From Eq. 



Or, keeping the brane Ai term also, we have 

plus one of ([TU]). where F = * 4 , A b 
(ITTj) . we find that W(0 + ) at j/ = 0+ becomes 

Ai 
6 

From the flat-space solution Y of the form Y = 
A[sech(ky + cq) + c(y)] can be tried for the nearby dS 
and AdS solutions 



tf'(0+) 



-A, A = V(0^ 



(12) 



Afc 2 sech - 2Afc 2 sech 3 + Ac" = 12 



A 



Y 



t 8m 2 k 2 
A — - — sech 



32A 3 
3ft 



(sech 3 + 3sech 2 c + 3sechc 2 + c 3 ) 



(13) 

where the argument of sech is [ky + Co). So, for the flat, 
dS, and AdS cases, we determine 



16^ 2 
3ft 



(14) 



IV. THE PROBABILITY AMPLITUDE 



In calculating the probability amplitude in 4D with 
H^vpa-, there have been some arguments which value of 
the H 2 term must be used in the action integral. For 
example, with the A and R terms, Duff shows that sub- 
stituting an ansatz into an action and varying that action 
does not yield the same result as substituting an ansatz 
into the equation of motion [l4j|. To obtain the same re- 
sult, Duff considers a surface term e Ml ,po H ^ pa 



15| , which 



does not change the equation of motion. If a surface term 
value is added under Duff's condition, he shows that it 
amounts to changing the sign of H 2 term in the action 
integral |14j and concluded that the probability ampli- 
tude for A = is least probable with H^ wpa . Recently, 
however, Wu obtained the opposite result from that of 
Duff [lj| . This example shows that we need a care when 
surface terms are considered. 

In our case also, we may consider a surface term (due 
to x-independent ^ s /H 2 \ in the language of the first 
order formalism of Ref . [15| , 



-Ie D dy 



{0\Tr 8 \& 4 
p _^ P c Hiivpa _ _ p 2 

and so we need a care. When a surface term is consid- 
ered, it involves instanton solutions and hence the vac- 
uum structure must be properly defined as done in QCD. 
In our case at hand, we must consider an tp- vacua, similar 
to the 9- vacua of QCD. For the simplicity of the algebra, 
we show the tp- vacuum with the H 2 term. [For 1/H 2 
term, the argument goes in parallel.] 

For two antisymmetric indices from (i, v, p, and a, there 
are six (4C2 = 6) independent second rank antisymmetric 
gauge functions, for which A pvp transforms as 



A p up y A p i/p O^A^p d v Ap P dpAp J u 



(15) 



The gauge symmetry of the instanton solution is given 
by any six directions of A™, three for the instanton (A^ ) 
and three for the anti- instanton (Aoi) and the instanton 
action is J d 5 xd y e fluf " J H^p,?. Namely, there exist maps 
of 



Sr — > 03 



(16) 



For the surface term J d A xHp iUpa to be finite, H^pr, 
should tend to r~ A for a large r. In the bulk, it arises 
from a 2D curl in 5D, 



dydx V x 1= ds- A= / dydx°[d y A - d A 5 



J dydx°d y A = J dx°A = J d A xHp Vp<J 



where 



A = / rf 3 x d A 



A 5 = / d 3 x dsAijk = I fx Hank 



(17) 



(18) 



ihijk 



So a gauge invariant instanton of size p located at x = Xo 
takes the form 



A a /3-y oc 



(r 2 + p 2 f 



r = | a; - x \ 



(19) 



so that A^p is proportional to r -3 , and Hp Vpa 'is pro- 
portional to r -4 . The gauge symmetry of the instanton 
solution is given by any six directions of A M „, three for 
the instanton (A^) and three for the anti-instanton (Aoi) 
and the instanton action is J d 5 xd y e^ f " 7 H^ pcr . In non- 
abelian gauge theories, there are many possible gauge 
configurations such that the irreducible instanton solu- 
tion give many possible integers for the Pontryagin index. 
On the other hand, in our case at hand H^pa instanton 
gives only ±1 for the Pontryagin index. 

Now, let us construct a gauge invariant co-vacuum, 



\<p) 



£ i 

n— — oo 



(20) 



In the p- vacuum let us integrate out the H 2 field first. 
Then, what Duff chose is equivalent to ip = n and what 
Wu chose is equivalent to <p = 0. As in the 9- vacuum of 
QCD, any value of tp is a possibility. 

As commented above, this (^-vacuum can be defined 
also with the 1 / H 2 term. We calculate the action integral 
for if = [with the original sign of the 1 / H 2 term] and it 
[with the sign of the 1/H 2 term flipped]. For any other 
values of tp, the value of the action integral is between 
them. 

In the maximally symmetric space with a constant A, 
the Euclidian Ricci scalar is R = 4A, and hence we con- 
sider the quantity in the curly bracket of Eq. (|7[). ne- 
glecting the surface term but with the plus and minus 
signs of the 1/H 2 term, as 2A# 2 + 4* 3 *" + 6# 2 (#') 2 



* 4 A b ±2-^ r -^LJ(y), which is integrated over the 4D Eu- 



clidian space, from to a max , and then over the warped 
5th space, from to d m . a is the length parameter in the 
maximally symmetric 4D space, a 2 oc 1/|A|, d m is the 
y-space size. The integration region in the 4D space is 
up to a max where a max = a£ max with £ max = 1 and oo for 
the dS and AdS spaces, respectively. For the flat space, 
the curvature part of the 4D integral is but we keep 
the particle physics part as if it has a finite A, perform 
the y integration, and finally take the limit A — >• 0. The 
4-dimcnsional dS (fiat) volume is 2ir 2 a\ s with the metric 
ds 2 = a 2 ds [dr 2 /{l - kr 2 ) + r 2 df2§] with k = 1(0). The 4- 
dimensional AdS volume diverges for whatever value of 
| A], but we take out the scale factor a\ dS to compare the 
results of integration for different |A|'s. To compare the 
results for different A's in the AdS, we Weyl-transform 
the metric to ds 2 = a\ dS f 2 '{ri){drf '+rj 2 'd£l\) where /(ry) = 
r/r) = 2/(1 - r] 2 ). Then, the 4D AdS volume is regular- 



ized, 



as shown in Appendix, to (127r/|A|) 2 r(-3)/r(-l) 
oc 1/| A| 2 . Therefore, performing the action 



where a 4 AdS 









FIG. 2. The Euclidian space action in the KKL model with 
an exaggerated dS part. 



d a 

integral over 2 J Q m dy J Q max ir 2 r 2 dr 2 , we obtain 



M 4 a 4 s x 0(ky H ), 
-Ie oc { M 4 a 4 s x O(oo) x O(p^), 

M P a Ads x °(°°) x °( fc yp): 



dS 
flat 

AdS 



(21) 



where the last factor denotes the result of the y inte- 
gration. All expressions are proportional to Mp / A . In 
the KKL model, yn is the horizon distance in the 5th 
direction and yp is the first y value where f = Q. 
The y integration can give a positive or a negative result, 
depending on the value of Ai. 

To have a positive result, including the branc tension 
contribution, the following condition must be satisfied 



tanh(c )sech 2 (co) < —F(c /k,d m ) 



(22) 



where F(co/k,d m ) is the result of the integration. If the 
condition (|2"2"j) is not satisfied, A = would be least prob- 
able. In the integral, the following one is the dominant 

2 

contribution to the 1/ A term, 



F(c /k,d m ) 



dy ( — sech± — sech 3 
J V 8 8 



(23) 



where ± corresponds to p — n, 0, respectively, and the 
arguments of sech is {ky + cq). cq is the argument at y = 
0. The integral is a function G(y), and F is G{d m ) — G(0) 
which can be made positive. Here, G(oo) has a simple 
expression, 

14 i 22 1 2 22 1 

— sin (tanh) + — — sinh sech + — — tan (sinh) 

ofc o An* o £K 

which is and ^5, respectively, for <p = it and 0. 
With the inequality ([2^)1 satisfied, a schematic behavior 
of —Ie is shown in Fig. [2l with an exaggerated dS part. 

We are interested in the parameter space where Eq. 
(f2"2")l is satisfied, where e~ lB behaves as 



oc exp 



positive number 



A 



(24) 
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from which we note: _ 2 

• The exponential factor diverges at least as e l const l/ A ; 
which is equivalent to almost going to the fiat space 
regime. 

• The dominant contribution to the divergence is 
from the AdS vacuum energy A&, and a somewhat 
smaller bulk matter (Hmnpq) contribution has the 
same sign as that of the AdS energy contribution. 

• Near A = 0, the AdS space is preferred. But, slightly 
outside A = 0, the dS solution is preferred. 



vanishing Weyl tensor in this space, 

(IV 

mdv, m 



(26) 



Now, let us specify to the AdS space of k = — 1. Then, 
Eq. (|26| is integrated to give In rj = — sinh~ 1 (l/r), or 



?y 1 — rj 2 



(27) 



V. CONCLUSION 

We have shown that self-tuning models may solve two 
CC problems, one the fine-tuning problem and the other 
the huge inflationary vacuum energy problem. The solu- 
tion of the fine-tuning problem needed an AdS bulk with 
an extra dimension(s) and an appropriate range of the 
brane tension, and the solution of the inflationary vac- 
uum energy problem needed a solution region where the 
flat space is forbidden. Even though we used a specific 
example in deriving these features, they may survive in 
other self-tuning models. 



The Ricci scalar for the metric g' = or f {rfjg^ is given 
by 

R' =a- 2 /" 2 {-R-2(«-l)V 2 (ln/) 



(n-l)(n-2) (j) }■ 



(28) 



Noting that R' = Kg' or R 1 = nA, we have A = 
— (n — l)/a 2 in the n-dimcnsional Euclidian AdS. 

Using Eq. ([2"B]) . the ?i-dimensional Euclidian AdS vol- 
ume with the metric (|25[) is regularized to 
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Appendix: The AdS volume 

Here, we comment on our method of comparing the 
infinite volumes of the AdS spaces. The n-dimcnsional 
Euclidian space metric is given by 



ds 2 



dr 2 
1 — kr z 



a 2 / 2 (») (dn 2 +« 2 ^-i) 



(25) 



where k = 0, ±1 and in the second equation the Weyl 
transformation is used since it is simple because of the 



^Ads- = a" / d n x 



I - rf 



a n / dr, rf- l V Sn -, 

Jo V 1 - T 

l -{2a) n V s ^B(n/2,l-n) 

ho ^ 2W 2 r(n/2)r(l-n) 
2 [ ' r(n/2) r(l-n/2) 
4(n-l)7r\™ /2 r(l-n) 



(29) 



|A| 



r(l-n/2) 



Eq. (|29|) factored out the diverging Gamma functions, 
and we can compare the A dependences. For n = 4, it 
diverges as 1/|A| 2 as A tends to zero. 
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